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Abstract 
In this paper we attempt to highlight the main challenges of the implementation of the presented combined Eulerian 
multifluid-Population balance model for bubbly flows as applied to simulate the behavior of vertical bubble column 
reactor. The 1–D steady-state model equations for the bubble column with water as the liquid continuous phase and 
air bubbles of diameter  as a dispersed phase, constitutes the liquid continuity and momentum equations and the 
dispersed phase population balance equation and the dispersed phase momentum equation. In addition, the ideal gas 
law, two moments of the distribution (void and SMD), and a set of constitutive equations are required. 
 
© 2012 Published by Elsevier Ltd. Selection under responsibility of the Congress Scientific Committee 
(Petr Kluson) 
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1. Introduction 
Bubble columns [1] are used in many different industries, such as chemical, biochemical, 
petrochemical and pharmaceutical. Common usage among others includes hydrogenation, chlorination, 
oxidation, biotechnological applications, cleaning of chemical gas. Bubble column reactors are also 
employed in the processes of partial oxidation of ethylene to acetaldehyde, oxidation of p-xylene to 
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dimethylterephthalate, Fischer-Tropsch synthesis, synthesis of methanol, hydrocarbons, phosgene 
hydrolysis, ozonization of waste water and biological waste water treatment.  
 
As a gas-liquid contactor, bubble columns are often preferred because of their simplicity of operation 
and low operating costs. Parameters such as local void fraction, gas–liquid interfacial area, mass transfer 
coefficients between phases, dispersion coefficients, the distribution of liquid velocity, turbulent kinetic 
energy etc. have been studied for decades for the design and scale-up of these reactors. During the last 
two-three decades, the possibility to utilize computational fluid dynamics (CFD) in the modeling of 
multiphase reactors has been of great interest in the reaction engineering community. 
In general, there are two main approaches for computing multiphase flows, the Eulerian-Eulerian 
model and the Eulerian-Lagrangian model [2]. The Eulerian-Lagrangian model considers the liquid phase 
to be continuous, while the dispersed phase is represented as discrete particles. The resulting 
computationally demanding direct numerical simulations of the particle interactions require detailed 
specification of interface properties to predict particle deformation and explicit rules for coalescence and 
breakage.  
In practice, the Eulerian-Eulerian approach is typically used to study large-scale flow structures and 
dense dispersed systems. It has lower computational demand compared to the Eulerian-Lagrangian model. 
A disadvantage of the model is the need for closure laws for the inter-phase transport of mass and 
momentum. Assuming no chemical reaction or phase changes and considering non soluble gas-liquid 
flows the model has to account for the mass exchange between bubbles of different sizes by bubble 
breakage and coalescence and for various interfacial forces which cause momentum transfer between the 
bubbles and the ambient liquid. In particular, the lift and drag forces have been shown to have the greatest 
influence on the bubble size distribution along a particular flow. 
 
Nomenclature 
Latin letters 
c [1/s] coalescence rate 
d32 [m] Sauter mean diameter 
Eo [-] Eötvos number 
fd [kg/m3m] mass density function 
fdrag [N/m3m] drag force 
fw [-] wall friction coefficient 
h0 [m] initial film thickness 
hb [1/m] daughter size redistribution 
hf [m] rapture thickness of the film 
j [kg/m3s] mass flux 
jm [kg.m/s/m3s] momentum flux 
Mw [kg/mol] air molecular weight 
p [Pa] pressure 
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R [J/K/mol] universal gas constant 
vd [m/s] dispersed phase (gas) velocity 
vl [m/s] liquid velocity 
vslip [m/s] slip velocity 
v [m/s] growth velocity 
Greek letters 
d [-] gas volume fraction 
  [m] bubble diameter 
[m2/s3]  turbulent energy dissipation 
 [kg/m/s] liquid dynamic viscosity 
c [-]   coalescence rate 
d [kg/ m3]  dispersed phase density 
l [kg/ m3]  dispersed phase density 
 
A number of different approaches have been proposed to account for the different bubble sizes in 
conjunction with the classic two-phase Eulerian flow equations. In an attempt to solve the convergency 
problems associated with the large number of equations resulting from the direct extension of the two-
phase equations to polydispersed flows, the homogeneous multiple size group (MUSIG) [3] introduced in 
ANSYS CFX discretizes the bubble size distribution profile into several classes based on bubble diameter, 
i.e. it divides the dispersed phase into M non-overlapping size fractions, while it solves one momentum 
equation for all bubble classes. A further extension of this approach is the inhomogeneous MUSIG model 
[4] that uses several dispersed phase velocity groups, each with its own bubble size fractions.  
 
The particular population balance framework applied in this work is derived from a kinetic theory 
approach averaging the equations over the particle velocity space, but not over the size property space as 
in the conventional population balance formulation described by Ramkrishna [5]. The result is a set of 
non-linear integro-differential equations expressed in terms of the size dependent number density function 
and particle velocities for the bubble phase fields. The dispersed phase model equations are combined 
with the conventional multi-fluid model equations for the continuous phase. The joint set of model 
equations constitutes a detailed and computationally feasible approach for the modeling of bubbly flows. 
Given the associated mathematical complexity and the number of different closure models currently 
available, a robust yet flexible numerical method is desirable. In this regard, we found the finite element 
based method of the least-square kind used in this work to be highly adequate [6].  
Previous work in our group denotes a combined multifluid-population balance modeling approach for 
bubble columns. Zhengjie [7] combined the two fluid-Population balance equation model using an 
average bubble velocity for all bubble sizes. Patruno [8] extended the modeling framework allowing 
different velocities for different fluid particle sizes. The model was employed for droplets in mist flows in 
scrubbers. Nayak et al [9] applied the combined multifluid-Population balance model to bubbly flows. 
Sporleder [10] used a similar model and evaluated the use of different internal coordinates. In the present 
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work, the model formulation, the sub-models or closures used and model implementation issues are 
outlined in detail. 
Models for both bubble mass and volume based population balances with various closure laws have 
been proposed. This work presents a mass based approach pointing out model modifications and 
mathematical constraints required for the closure laws with regard to fulfill the physical constraints of the 
modeled system (e.g., the mass conservation property) separating the modeling task from the numerical 
and implementation issues. 
2. Model description 
2.1. Governing equations 
The main governing equations of the model outlined in Table 1 are the microscopic mass and 
momentum conservation laws for both the continuous (liquid) and dispersed (gas) phases. The presented 
model assumes steady-state operation conditions relevant in industrial processes. It uses one domain 
variable z in the physical dimension corresponding to the vertical height of the liquid column in the 
reactor. Although the effect of bubble deformation on the flow [11] has been studied to some extent, most 
of the work in the literature assumes the collisions of non-deformable spherical bubbles. The bubble 
diameter  represent the variable of the property space used in the population balance equation. 
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Fig. 1. Vertical bubble column 
 
Overall, the model unknowns are the continuous phase velocity vl(z), pressure p(z), mass distribution 
function fd(z, ), dispersed phase velocity vd(z, ), dispersed phase volume fraction d(z), growth velocity 
v(z, ), mass flux j(z,) and momentum flux jm(z, ). 
The model variables are normalized and made dimensionless using the values of Dirichlet boundary 
conditions as summarized in Table 2. 
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The breakage and coalescence operators in the literature are conventionally defined with min = 0. 
However, the existence of bubbles with zero diameters is not physical and will make the dispersed phase 
momentum balance singular as the balance contains the distribution density function. Hence, the 
numerical implementation may require special treatment for zero minimum values. Furthermore, some of 
the proposed breakage rate closures assume a certain critical particle diameter for which the smaller 
particles can not undergo breakage. In the present model, a non-zero minimum bubble size min is used. 
To retain the mass conservation properties of the coalescence operators, it is necessary to modify the 
integral limits as shown in Table 3. A Heaviside function H(x) was introduced in the coalescence operator 
terms to restrict the range of physically possible mother particles. The Heaviside function H(x) may be 
defined as: 
 
( ) 0 0 1H x if x else   (1) 
 
The coalescence source and sink terms can then be specified as: 
 
3 3 1/3 3 3 1/32 3 3 1/3( )
3
3 3 2/3
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 (2) 
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The overwhelming majority of the breakage and coalescence closures were developed with binary 
collisions in mind. The breakage rate b() gives the likelihood of a particle of diameter  breaking up to 
smaller daughter particles. A particle is assumed to break into exactly two smaller daughter particles, and 
the daughter sizes are specified by the daughter size redistribution function hb. Of a particular interest are 
the 0th and 3rd moments of the redistribution function which for a fixed number of daughter particles  and 
volumes of the parent V() and daughter V() particles can be used to check number and mass 
conservation properties: 
max max
min min
(4)( , ) ( , ) ( ) ( )b bh d h V d V
 
 
            (5) 
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Table 1. Model equations and constitutive relationships 
Continuity equation for continuous(liquid) phase  Dispersed phase volume fraction  
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Momentum equation for dispersed(gas) phase  Mass flux  
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Table 2. Dimensionless variables and initial and boundary conditions 
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2.2. Initial and boundary conditions 
The type of gas spargers used is known to have a strong influence on the hydrodynamic properties of 
the flow. It induces a hydrodynamically active and highly transient flow pattern close to the inlet of the 
reactor which is not accounted for in the presented Eulerian equations. Instead, the influence of various 
gas spargers on the flow is simulated by the population balance using a measured or even an assumed 
initial mass based bubble size distribution profile fdinit().  
Table 3. Closure and constitutive relations 
Slip velocity [12]  
2
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
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 
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The liquid velocity vlinit at the inlet is usually not known, but the liquid flux or superficial velocity is 
generally specified. The bubbles at the inlet are normally considered to have reached their terminal 
velocities For the water-gas systems, a slip velocity model [12] can be used to obtain the initial dispersed 
phase velocity vd(z,) profile at the inlet. Further along the reactor, the dispersed phase velocity is 
calculated from the momentum equation. The dispersed phase velocity for the smallest bubbles with 
diameter min is set to the slip velocity. The velocity of the smallest bubbles is then equal to the ambient 
liquid velocity. The distribution function fd for bubbles with min0 is put equal to zero inside the 
reactor. At the top outlet of the reactor, the pressure p0 equals the atmospheric pressure of 1 atm. 
For the hyperbolic equations, initial conditions are required. To preserve mass conservation, the bubble 
size growth velocity v(z,) must be zero at the inlet boundary of the property domain.  
In addition, the bubbles cannot grow outside the domain as they rise up in the column due to the pressure 
drop. This put a requirement to the constitutive relation 12 at the property outlet, the growth velocity 
property must approach zero as 0 thus v(z, max) = 0. 
 
3. Numerical solution 
3.1. Least-Square method 
The resulting set of integro-differential equations is solved using the least square spectral element 
method [17]. It is a high-order finite element method which uses the roots of Gauss-Lobatto-Legendre 
(GLL) polynomials as collocation points to minimize the spectral error. The minimization problem is 
expressed as 
 2
0 0
( ( ) ( )) 0
qe NN
e e
N q q Q
e q
f x g x W
 
  L  (48) 
The system of linear equations for the approximate solution is given by 
 T TAf F A L WL F L Wg    (49) 
3.2. Implementation 
The implementation follows a general finite element code pattern. The actual model definition is based 
on a data driven approach with emphasis on simplicity. Loose coupling between the individual 
components and unit testing of numerical results proved to be highly useful during the iterative 
development. The element based code allowed for trivial parallelization. 
4. Results and Discussion 
The parameters for the model were chosen with regard to available experimental data. Yao [18] 
measured radial profiles at different locations along the column. Jakobsen [19] provides data on bubble 
distributions, velocities and gas holdup. The available radial profiles were cross-sectional averaged for 
comparison with model simulations. No data was found regarding the experimental errors. 
The simulations were carried out on an air-water vertical bubble column. The vertical height of the 
column was H = 4.25 m, with inner diameter D = 29 cm. The computational grid used for the simulations 
consisted of 16 points in z using 5 spectral Gauss-Lobatto-Legendre elements of order 4. In , we used 1 
such element of order 20 so that the integral operators for breakage and coalescence were confined to one 
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element for all bubble diameters . The breakage and coalescence term present a Fredholm and Volterra 
integral operator of a 2nd kind which can be solved for iteratively [20].  
 
The breakage rate and breakage redistribution model of Coulaloglou [21] was used in the simulations 
with parameter values k1 = 0.336 and k2 = 0.106. For the coalescence we used the model presented by 
Prince [22]. The coalescence rate kernel c in this model is assumed to be a product of collision rate hc and 
coalescence efficiency c. 
Normal ambient pressure p0 = 1 atm and temperature T = 293K are assumed at the column outlet. At 
the inlet, the liquid volume flux jl0 is 1 cm/s, the gas volume flux jd0 is 4 cm/s. The inlet void fraction 
provided by Jakobsen [19] was d0 = 0.133. The initial bubble mass distribution density was assumed to 
have a log normal distribution with mean value  = -0.165 and variance  = 0.364 corresponding to an 
average bubble diameter value mean= 5.03 mm as observed by Kim et al [23]. The low end convergence 
limit of the conjugate gradient solver was 10-14. The relative tolerance of Picard iterations was set to 10-3. 
 
Two sets of results were simulated. In the first calculations we used the drag coefficient provided by 
Tomiyama (Eq. 34) for slightly-contaminated system correlated to tap water. In the second calculations 
we considered the swarm effect (Eq. 36) on the drag coefficient as depicted by Roghair et al [15]. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Initial volume distribution    Figure 3. Pressure  
 
Figure 2 shows the initial profile for the bubble distribution function fd. The dispersed phase density d 
and the pressure p depicted on figure 3 follow a similar descending profile along the vertical column 
given that the two quantities are related according to the ideal gas law. 
 
Shown on Figure 6 is the average gas velocity with no swarm effect. Simulations considering the 
bubble swarm effect yielded slightly higher values for the gas velocity profile which didn't seem to agree 
with the measurements. 
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Figure 4. Liquid phase velocity    Figure 5. Pressure 
 
The calculated values of the Sauter mean diameter on Figure 7 correspond to the initial bubble volume 
distribution profile from Figure 2 where the mean diameter mean = 5.03 mm is in agreement with the 
calculated values. The four point experimental values for mean bubble diameter seem to average around 3 
mm. No data on the distribution profile from the measurements was found, therefore a lognormal 
distribution from the measurements of Kim et al [23] was assumed without further modifications. 
 
 
 
 
 
 
Figure 6. Average dispersed phase velocity Figure 7. Sauter mean diameter 
5. Conclusion 
A gas-liquid model for the steady-state bubbly flow in a vertical bubble column has been presented. 
By solving for the distribution profile directly, the population balance approach with both breakage and 
coalescence closures resulted in more detailed results from the 1-D model than the methods considering 
only the moments of the distribution. 
 
Numerical simulations were carried out by using the least squares spectral element method for air-
water system. Predictions from the model were in satisfactory agreement with the available experimental 
data. Data regarding the shape of the initial bubble distribution at the inlet of the reactor were taken from 
a separate source, thereby resulting in a higher mean bubble diameter compared to the data from the first 
source. 
 
The effect of breakage and coalescence on the bubble distribution profile along the reactor was 
observed. The breakage operators shift the distribution towards lower bubble sizes, coalescence has the 
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opposite effect. Depending on the breakage closure used the shift could occur up to the smallest diameters 
min in the domain or only up to some critical diameter c given by the particular model. Further work 
concerning the validity of various breakage and coalescence models is needed. 
 
A mass conservative formulation of the breakage and coalescence terms was presented. In our 
implementation we found that the element based approach for the solution of integral terms for breakage 
and coalescence significantly increased the complexity of implementation and computational effort 
without improving the convergence of the iterations. While the breakage terms were solved very 
efficiently by precalculations, the implementation of the nonlinear coalescence terms proved to be 
troublesome and require further attention. 
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